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Abstract: In this paper, when the unit Darboux vector of the partner curve of Mannheim 
curve are taken as the position vectors, the curvature and the torsion of Smarandache curve 
are calculated. These values are expressed depending upon the Mannheim curve. Besides, 
we illustrate example of our main results. 
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§1. Introduction 

A regular curve in Minkowski space-time, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called a Smarandache curve ([12]). Special Smarandache 
curves have been studied by some authors . 

Melih Turgut and Siiha Yilmaz studied a special case of such curves and called it Smaran- 
dache TB 2 curves in the space E( ([12]). Ahmad T.Ali studied some special Smarandache curves 
in the Euclidean space. He studied Frenet-Serret invariants of a special case ([1]). Muliammed 
Qetin , Yilmaz Tunger and Kemal Karacan investigated special Smarandache curves according 
to Bishop frame in Euclidean 3-Space and they gave some differential goematric properties of 
Smarandache curves, also they found the centers of the osculating spheres and curvature spheres 
of Smarandache curves ([5]). fjenyurt and Qali§kan investigated special Smarandache curves in 
terms of Sabban frame of spherical indicatrix curves and they gave some characterization of 
Smarandache curves ([4]). Ozcan Bekta§ and Salim Yiice studied some special Smarandache 
curves according to Darboux Frame in E 3 ([2]). Nurten Bayrak, Ozcan Bekta§ and Salim Yiice 
studied some special Smarandache curves in Ef [3]. Kemal Taskoprii, Murat Tosun studied 
special Smarandache curves according to Sabban frame on S 2 ([11]). 

In this paper, special Smarandache curve belonging to a* Mannheim partner curve such 
as N*C* drawn by Frenet frame are defined and some related results are given. 
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§2. Preliminaries 



The Euclidean 3-space E 3 be inner product given by 

(, } = x\ + x\ + xl 

where {x\, X 2 , £3) € E 3 . Let a : I — > E 3 be a unit speed curve denote by {T,N,B} the 
moving Frenet frame . For an arbitrary curve a € E 3 , with first and second curvature, n and 
r respectively, the Frenet formulae is given by ([6], [9]) 

{ T' = kN 

N' = ~kT+tB (2.1) 

B' = —tN. 

For any unit speed a : I — > E 3 , the vector W is called Darboux vector defined by 



W = t(s)T(s) + k(s) + B(s). 



If consider the normalization of the Darboux C = 



ll^ll 



W, we have 



cos (p = 



k(s) 

my- 



sin p = 



T (s) 

ii^ir 



C = sin <pT(s) + cos <pB(s) 



(2.2) 



where Z(W, B) = ip. Let a : I — » E 3 and a* : I — + E 3 be the C 2 — class differentiable unit 
speed two curves and let {T(s),N(s), B(s)} and {T*(s), N*(s), B*(s)} be the Frenet frames of 
the curves a and a*, respectively. If the principal normal vector N of the curve a is linearly 
dependent on the binormal vector B of the curve a * , then (a) is called a Mannheim curve and 
(a*) a Mannheim partner curve of (a). The pair (a, a*) is said to be Mannheim pair ([7], [8]). 
The relations between the Frenet frames {T(s),N(s),B(s)} and {T* (s) , N* (s) , B* (s)} are as 
follows: 

! T* = cos 0T- sin 9B 

N* = sin 6T + cos OB (2.3) 

B* = N 



where Z(T, T*) = 9 ([8]). 



cos 9 = 



ds* 

ds 



sin 9 = At 



ds* 

ds 



(2.4) 



Theorem 2.1 ([7]) The distance between corresponding points of the Mannheim partner curves 
in E 3 is constant. 
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Theorem 2.2 Let (a, a*) be a Mannheim pair curves in E 3 . For the curvatures and the torsions 
of the Mannheim curve pair (a, a*) we have, 



k = t sin f 



= — T* COS 9 



j ds * 

ds 
ds * 



ds 



(2.5) 



and 

' - de _ o' 

ds* A T\/ K 2 + T 2 

< 

t* = (k sin 9 — t cos 9) < ^— 
ds 



( 2 . 6 ) 



Theorem 2.3 Let (a, a*) be a Mannheim pair curves in E 3 . 
Mannheim partner curve a* we have 



T 



* 



tv 

At 



For the torsions t* of the 



Theorem 2.4( [10] ) Let (a, a*) be a Mannheim pair curves in E 3 . For the vector C* is the 
direction of the Mannheim partner curve a* we have 




where the vector C is the direction of the Darboux vector W of the Mannheim curve a. 



§3. N*C *— Smarandache Curves of Mannheim Curve Couple According to 
Frenet Frame 



Let (a, a*) be a Mannheim pair curves in E 3 and {T*N*B*} be the Frenet frame of the 
Mannheim partner curve a* at a*(s). In this case, N*C* - Smarandache curve can be defined 
by 

p 1 (s) = l=(N*+C*). (3.1) 

Solving the above equation by substitution of N* and C* from (2.3) and (2.7), we obtain 



Pi(s) 



(cos0||W|| +sin(9yV 2 + ||IF|| 2 )T + 9'N + (cosflyV 2 + ||IF|| 2 - sin6»||IF||)B 

yV 2 + !|IF|| 2 



(3.2) 
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The derivative of this equation with respect to s is as follows, 

TpM = 





In order to determine the first curvature and the principal normal of the curve (3\ (s), we 
formalize 



y/2 (n cos 9 + V 2 sin 0)T + r^N + (— n sin0 + r 2 cos 6)B 



Tfh ( s ) , 2 — | \ 2 

If HM V V^ + ll^ll 2 ! | «(9 ,2 +||W|| 2 ) k n( 11^11 y_i \ 

l \y/8'* + \\W\\ 2 ) 9 ' A ' r ll'^ / ll A ' r ll ^11 8 ,2 + \\W\\ 2 J e ' J 



where 
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The first curvature is 





Suleyman §ENYURT and Abdussamet QALI§KAN 



The principal normal vector field and the binormal vector held are respectively given by 




In order to calculate the torsion of the curve ( 3 \ , we differentiate 
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and thus 



where 



( ti cos 9 + t 2 sin 9 + t$)T + N + (< 2 cos 9 — t\ sin 9 + t$)T 

’ 
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( ffn x 


17 


ll^ll yv 


\ Ar|| W|| / 


V 

V 


7' 2 + ||TT|| 2 ' 


17 ll^ll 




v yV 2 + ||WTl 


[y0/ 2 + ||^|| 2 


/ 9 ' 



V^ ,2 + IIWT' 



9 ' 



6 ' , K \/ 

, = + (t-) 

\Je i2 + \\w\\ 2 Ar 



\Jo ,2 + \m 2 i 



IIW1 



\j & 2 + \\ W\\- 



+ 2 fe) 



f \\w\\ \ 



9 ' 



Y \m 


17 ll^ll y> 


J 9' 2 + W 7 2 "| 


j >' 2 + ||W1 2 


^> 2 + iw 


0' 






- 3 00 ' 



^3 = 



K \ / K 



^ VAr||W / || / v Ar 
^ 0' 2 + \\W\\ 



f l|Wj \ 



^ /2 + imi 2 i 



9 ' 



— 3 



/ ll^ll \ 

V ,2 + IW' 



9 ' 



l|7 \m y> 


J6' 2 + IIITH 2 ! 




0' 



K s 2 



v “h I ( ^ ) 

^ 9' 2 + \\W \\ 2 V Ar 



17 imi y> 


/0' 2 + ||1T|| 2 i 




17 ll^ll y> 


/0' 2 + ||1T|| 2 i 




0' 






0 ' 



f \\W\\ \ 

V 0 ' 2 + ll^ir 



/yWuwTi 3 



9 ' 



\m 



\J 9' 2 + \\W \\ 2 VAr H W '1 



( e ' K JL) 

\Xt\\W\\J At' 



-(— ) 3 + (—)” 

X \ T 1 V A t' 

The torsion is then given by 



Tpl \\Pi A ( 3"\\ 2 ’ 

T * = ^ 



where 



O - o/ , « II w II v lllr II , , _K_ / 

l Ar j ly^ + nvhp/ fl' + 'ArLVv^Tiiwp/ 



2 IIWl|2 



- tl 



\Xt\\w\\J 



V ^e ' 2 + ||VK || 2 1 9 ' vAr||W||/ 2 Ar \Jq ' 2 T WWW*) 



9 1 2 

y/0' 2 + IIW/II2 



3 6>' 2 



LV^ + 



6 ’ 



9' 2 + \\ W \\ 2 
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+ 



V % ( e'K, x _ / \\w\\ y / ffn y _ / 

/ 3 VAr||lF’||/ \jo> 2 + \\w\\ 2 ) 13 \Xt\\W\\J 



O'k \ 2 



LV0 ,a + ||WT 

f liwil V f r K ^ f ^ V f II^HI V 

V y#/ 2 + IIWII2/ 2 Ar' V Ar||lF|| / V JQ' 2 4 - IIWII2/ 



At || || / K^TWW 1 V ' At II W 'II' ' yj O' 2 + pF IP 

O'k 



Vo ,2 + 



*r\\w\\J *l\^TWW J d ' \ V^+WW v ^ll^ll 



)'*<£)■ 



^2 



Y ll^ll A 


' sje' 3 + ||w|| 2 l 


2 6' K 

1 ^ r> 


V ll^ll A'V^ + II^II 2 ' 


' o' 


7 v 7 ^' 2 + l|hF|| 22 


O' 


V 7 ^' 2 + ||VF|| 2 At 


[V^ 2 + IIvf|| 2 ^ J 


\J O' 1 + | VF| 2 



K, 

^ 2 a7 



Ff ll^ll yv^+PT] 


2 ll^ll 


[f ll^ll yj 


Lv^ ,2 + liw / ll 2 ^ J 


\J O ' 1 + IF 2 


[V^' 2 + llw / ll 2 ^ J 



*3 



Ar 6*' 



+ t 2 



( e ' K v 

v Ar 1 1 VF 1 1 / 



. Ar || W 1 1 / 



( \\W\\ \ 

V JO’ 2 4- WWW 2 ) 



+ ^1 



^ K 

_tl VAr||lF 

O' k \' / k \ l O'k \. , c ,2 . / ^'/v \ 3 



^ K ( O' K \ ( 

_fl ~lAr||lFI|A T/T 



/ 6 k \ n / 

V / 6 ,,2 + ||VF|| 2 ^ O' yxr\\w\\) t3 ^{^ + IIVFII 2 ^ O' ^Xt\Xt\\W\\J V^ 2 + ||w|| 2 

/ ll^ll yl 2 ,. (Jf±_Y(jL\ + f \( B y vg+w p 

V,/fl' 2 4 - IIWII2/ + HArllWII/ Ar ^ 2 V , / fl' 2 4_ I wll 2 / 



Ar [vyr^T 

/ \', K > ( O'K \ , K ,2 / y'K \ 3 , K S 

_ ^ 2 V Ar || W|| / + Ur||lF||r 3( A7 ) + * 3 V Ar||M^|| / + ^AM 



0' 



0 ,2 + ||lF|| 2 



= 



[f ll^ll yl 


2 

K 


[f ii^ii \ 


'Vo' 2 + \\w\\ 2 ' 


2 ||1F|| 


l^Vo 1 ' 2 + \\w\\ 2 ' \ 


At 


Lv^ + liwir 


O' 


Vo’ 2 + liw|| 2 



f^^) 2 

v Ar 1 1 IF 1 1 / 

^'2/ ||1F|| y ||lF|| / fl'« X 2 K , K_x 3 \ 

Ar ly^ + HVFII 2 / 0' VAr||VF||/ l Ar' l Ar' j 



f II vv II y 

V ,/tf' 2 4- WWW 2 ) 



’ \/0' 2 + 



O' 



LV^W 

k i / ll vf II y v^T 



+ 



( , / O' 



Vo ,2 + 



Ar [V y^' 2 -|_ irw/P ) O' 

2 O'k \ O' 



-(£)' 



6 *' 



A7_/ LV^ ,2 + llw / ll 2 

O'k 



' \/ O' 2 + 



1 ll^ll A 
|_\ y#' 2 + iiuFP/ 



/ 6»'/t \ 6»' / 

TFtppF^aTM^ 7 yFr 



’ v^' 2 + 



6 *' 



K, 


V ll^ll yV^ + ll^ll 2 ] 


^ r\ / 

f K ^ 


Y ii^ii ) 


'V^' 2 + liw-l 2 ' 


' ll^ll 


At 


7 v 7 ^' 2 + W 22 e ' i 


V Ar||lF||/ 


[v ^' 2 + iivfii 2 ^ 


O' 


V O ' 2 + ||!F|| 2 



/t f O'k \( 

"MVMpiyJ + [lyFr 



' sje ' 2 + 



6 >' 



V ^ rVf )')] + 



v Ar ||1F|| / ' Ar 



O'k 



ar||lF|| 



[f ll^ll \ 


' \Z 0 ' 2 + \\w\\ 2 ~ 


2 e ' lf K )[ 


[V^ 2 + Iiw"ll 2 ^ 


O' 


\J O ' 2 + \\W \\ 2 



f pvll A 

V , /n' 2 IIU/II2/ 



VPT 



of 7 f 

\\t\\w\\J \jt> 
o' 



\t\\W\\) |_V0' 2 + mnl2j e ' 



r)' 



V / 6 ,,2 + 



(— ) 2 

' Ar ' 



f ll^ll A 

V . /ft' 2 _L IIM/II2 / 



F7 6*' 

^ yiF ^ + iiw/112 



> 2 + 



LV ^' 2 + 

y \ 3 , f O'k \ ( K \ 2 ( K \ K ( 

~JWtW¥ + ^ ^W\0 + lA^fi^7A7 j _ lA7;A7ly^p 



2/ O’ 
2 



Example 3.1 Let us consider the unit speed Mannheim curve and Mannheim partner curve: 
cc(s) = — j= ( — cos s, — sins, s) , a*(s) = —^=(—2 cos s, — 2 sins, s)- 
The Frenet invariants of the partner curve, a* (s) are given as following 

T*(s) = -^=(2 sins, — 2 coss, l), 
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N*(s) 

B*(s) 

C*(s) 



K*(s) 

T*(S ) 



— ( sin s, cos s, —2) 

(coss,sins,0) 

/ 2 . 

2\/2 

V2 

5 ' 



,2 2 2 2 1 , 

( - sm s = cos s, cos s H = sin s, — ) 

v 5 y/5 5 5 



In terms of definitions, we obtain special Smarandache curve, see Figure 1. 




Figure 1 (3\ 



^—^=((5 + 2-\/5) sins + 10 cos s, (5 — 2y/5) cos s + 10 sins, — 9\/5) 
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